By applying the renormalization group method to two-coupled chains in the Tomonaga model, the role of interchain hopping has been studied in the entire energy region. The energy for a crossover from the perturbational regime to the relevant regime becomes smaller than that of the interchain hopping due to one-dimensional fluctuations of the mutual interaction. From the calculation of response functions for charge density waves and superconducting states, the phase diagram of dominant and subdominant states has been obtained in the plane of mutual interactions with fixed energy. §1. Introduction Organic conductors, 1) which exhibit low dimensional fluctuations, have been studied by using the model of quasi-one-dimensional systems, where the role of the interchain hopping plays an important role.
§1. Introduction
Organic conductors, 1) which exhibit low dimensional fluctuations, have been studied by using the model of quasi-one-dimensional systems, where the role of the interchain hopping plays an important role.
As a basic model for such a system, two-coupled chains of interacting electrons has been explored. Even in the simple case of spinless fermions described by the Tomonaga model, there exist significant properties involved in connecting a onedimensional system with quasi-one dimensional system. 2), 3), 4), 5), 6), 7) The ground state has been calculated in the limit of low energy. The relevant behavior of the interchain hopping leads to a state which differs essentially from that in the absence of hopping. Although the limiting state for the two-coupled chains of the Tomonaga model is well known, it is not yet clear how the state at finite temperature (or energy) is determined in the presence of both the interchain hopping and the mutual interactions.
The phase diagram in the plane of the intrachain interaction (g 2 ) and the interchain interaction (g ′ 2 ) is shown in Fig. 1 (a) ( Fig. 1(b) ). 7) This represents the result in the absence (presence) of the interchain hopping. In Fig. 1(a) , there are two kinds of dominant states with in-phase pairing and out-of-phase pairing which are degenerate due to the absence of interchain hoping. Such a state corresponds to the state in the high energy limit, where the effect of the interchain hopping can be disregarded. The state in Fig. 1(b) is obtained in the limit of zero energy (or temperature). The interchain hopping plays a crucial role in the sense that the degeneracy for in-phase and out-of-phase pairings is removed and the other pairing state becomes subdominant due to the relevance of the interchain hopping. The subdominant state which is shown in the parenthesis could become meaningful for more complicated models, e.g., a model with a Fermi surface which exhibits an incomplete nesting condition in the case |g 2 | > |g ′ 2 |. Thus, it is of interest to examine the state with finite energy, 7) where C and S denote the CDW and SC state, respectively, and (⊥) and out (in) denote the paring state for the intrachain (interchain) and out of phase (in phase) ordering. For t = 0 (a), there are two kinds of states as the dominant states, while for t = 0 (b), the subdominant state is distinguished, as is shown in the parenthesis.
In deriving Fig. 1(b) , it has been assumed that one-dimensional behavior vanishes and the relevant behavior of the interchain hopping begins when the energy (or temperature) becomes smaller than the hopping energy. In a quasi-one dimensional system, Bourbonnais 8) has maintained that one-dimensional fluctuations still exist at temperatures lower than the hopping energy and that the temperature for the crossover becomes smaller than the hopping energy due to the suppression of the density of state around the Fermi energy. 9) There is no explicit calculation which shows the reduction of the crossover temperature, even for two-coupled chains.
In the present paper, we study these problems in two-coupled chains of the Tomonaga model by applying the renormalization group method to the bosonized Hamiltonian. In §2, the Hamiltonian and possible order parameters are represented in terms of the phase variables. The scaling equations for coupling constants and response functions are given in §3. In §4, a phase diagram with a fixed energy is examined, and the crossover energy is evaluated as a function of mutual interactions. Section 5 is devoted to summary and discussion. §2. Model and order parameter
We consider two-coupled chains of the Tomonaga model, where a one-dimensional chain consists of spinless fermions with intrachain forward scattering, interchain forward scattering, and interchain hopping. The Hamiltonian with a chain of length L is given as
where ψ † p,i is the fermion creation operator. The sign p = + (−) expresses the right (left) moving state, and i = 1 (2) denotes the indices of the chain, where v F and k F are the Fermi velocity and the Fermi wave vector, respectively. We consider the case in which the energy of interchain hopping, t, is much smaller than the Fermi energy, v F k F , and the matrix element of the intrachain (interchain) forward scattering, γ 2 (γ ′ 2 ), is smaller than 2πv F . In Eq. (2 . 1) the first and second terms can be diagonalized by use of the transformation
2)
The index σ = ± denotes that for the diagonalized band, where the new Fermi wave vector is given by k Fσ = k F − σt/v F for the σ-band. By applying the bosonization method to the respective band, Eq. (2 . 1) is rewritten in terms of the phase Hamiltonian as H = H θ + H φ , 6), 7) where
3)
Equations (2 . 3) and (2 . 4) express the Hamiltonian of the total fluctuation and that of the transverse fluctuation, respectively, where
. The quantity α −1 , which is of the order of k F , is the cutoff for large wave vectors. The phase variables θ ± and φ ± in Eqs. (2 . 3) and (2 . 4) are defined as
. By use of Eqs. (2 . 5) and (2 . 6), the field operator ψ p,σ (x) is expressed as 10)
where
The phase factor iπΞ p,σ , which is introduced for the fermion operator, is given by Ξ +,+ = 0, Ξ +,− =N +,+ , Ξ −,+ = N +,+ +N +,− and Ξ −,− =N +,+ +N +,− +N −,+ , whereN p,σ = dx ψ † p,σ (x) ψ p,σ (x) is the number operator for the fermion.
We examine the state with order parameters for the charge density wave (CDW) state and the superconducting (SC) state. In terms of phase variables, order parameters corresponding to Fig. 1(a) are expressed as follows.
(I) Order parameters for CDW with intrachain and out of (in) phase pairing are given by
(II) Order parameters for CDW with interchain and out of (in) phase pairing are given by
(III) Order parameters for the superconducting state with intrachain and in (out of) phase pairing are given by
(IV) Order parameters for the superconducting state with interchain and in (out of) phase pairing are given by
The symbol (⊥) represents the pairing in the chain (between two chains), and the symbol in ( 
where A is the operator given by Eqs.
where the sign + (−) corresponds to the CDW (SC) state. Note that Eq. (3 . 2) depends only on r(= x 2 + (v F τ ) 2 ). From Eqs. (2 . 8)∼(2 . 11), the quantity R φ A (x, τ ) corresponding to the φ-field is expressed as
and the factor f A (x) is defined as
and S ⊥,in , and
By using the renormalization group method with the assumption of invariance with respect to α → α ′ = αe dl , response functions for the φ ± -field are derived as (Appendix A)
where the term with the quantity tan −1 (v F τ /x) has been neglected for the present numerical calculation with small t. In Eqs. (3 . 5)∼(3 . 8), the quantities K φ (l), g 2φ− (l) and g 2φ+ (l) are calculated from the renormalization equations,
where J ν (z) is the ν-th Bessel function. Equations (3 . 5)∼(3 . 12) have been derived by use of a method similar to that of Giamarchi and Schulz. 11), 12) The initial conditions in Eqs. (3 . 9)∼(3 . 12) are chosen as
and t(0) = t. We note that the renormalization equation (3 . 12) for small t becomes equal to that derived from the perturbation in terms of t. 
where the largest response function and the next one in R A (r) with fixed length r(= x 2 + (v F τ ) 2 ) (i.e., the corresponding energy v F /r) lead to the phase diagram for the dominant state and subdominant state, respectively.
In the present paper, we assume that the response function R A (r) is equivalent to that of the Fourier transform with ω = v F /r. The validity of such a treatment is discussed in §5. §4. Response functions and phase diagram We examine the renormalization group equations given by Eqs. (3 . 9)∼ (3 . 12), where parameters are chosen as t/(v F α −1 ) = 0.0025 and g 2 − g ′ 2 = 0.02. The l-dependence of K φ (l), g 2φ− (l) and g 2φ+ (l) are shown in Fig. 2 . Increasing l, K φ (l) and g 2φ− (l) increases to the strong coupling regime, while g 2φ+ (l) reduces to zero. Note that the quantities d(l) of Eq. (A . 8), which is obtained by substituting the results of Eqs. (3 . 9)∼(3 . 12), is invisible in the scale of Fig. 2 . The actual variation of g 2φ− (l) and g 2φ+ (l) appears for l > ∼ ln[v F α −1 /4t] ∼ 4.6, which is designated by the arrow. This result indicates the validity of the previous treatment 7) that K φ and g 2φ± have been replaced by the initial values for e l < v F α −1 /t. Since the Bessel function J 0 (4t(l)/(v F α −1 )) becomes small for e l > v F α −1 /t, the φ + -term can be 
, which denote the variation from the initial values. The parameters are the same as in Fig. 2 . The dotted curves represent the previous results, 6) which were obtained by use of the initial condition that g 2φ+ (l0) = 0, K(l0) = 1 and g 2φ− (l0) = g2 − g neglected and leads to strong coupling due to the φ − -term. Equation (3 . 12) reveals the fact that the hopping energy is reduced by the mutual interaction. Therefore the range for the onedimensional regime is examined in detail.
In Fig. 3 the present results (solid curves) are compared with the previous ones (dotted curves), which were obtained by using initial conditions, such that the terms including t(l) are discarded in Eqs. (3 . 9) and (3 . 12) and for which K(l 0 ) = 1 and
In the solid curve of K φ (l) − 1, the tangent, which displays the linear dependence for 1 < ∼ l < ∼ 5, exhibits a rapid variation for l ≃ 6, indicating the crossover of the scaling property from the onedimensional regime to the regime of relevant hopping. Therefore we define such a point, l = l 1 , by the condition that the absolute value of the variation of the tangent becomes maximum. Good agreement between the solid curve and the dashed curve is obtained for l > l 1 , where
For the small l (≪ l 1 ), Eqs. (3 . 9)∼(3 . 11) up to the lowest order of t/(v F α −1 ) and g 2 − g ′ 2 are calculated as (Appendix B)
Equations (4 . 1) and (4 . 3) can reproduce the numerical results sufficiently, i.e., the linear dependence of the solid curves for l < l 1 in Fig. 3 . Thus it turns out that there is a perturbational effect of t for the one-dimensional regime which is obtained for l < l 1 . The dependence of the crossover energy on the interaction is discussed later. 
Fig . 4 . The response functions of the φ±-field as a function of ln(r/α), where
The quantities R sin φ − (r), R cos φ − (r), R sin φ + (r) and R cos φ + (r) are defined by Eqs. (3 . 5), (3 . 6), (3 . 7) and (3 . 8), respectively. The parameters are the same as in Fig. 2 . The dotted lines denote the response functions with t = 0, and the location, l3(= ln(r3/α)), corresponds to a minimum of R sin φ − (r). In the inset, ln[R sin φ − (r3)] (solid curve) as a function of g2 − g ′ 2 is compared with the analytical one (the dash-dotted curve).
By substituting the solutions of Eqs. (3 . 9)∼(3 . 12) into Eqs. (3 . 5)∼(3 . 8), we obtain response functions for φ ± which are shown by the solid curve in Fig. 4 for t/(v F α −1 ) = 0.0025 and g 2 − g ′ 2 = 0.2. The dotted line corresponds to those in the absence of the hopping. For ln(r/α) < l 1 (≃ 6), the response functions of R sin φ − (r) and R cos φ + (r) (R cos φ − (r) and R sin φ + (r)) are almost the same as that for t = 0 (dashed line), and their deviations from the dashed line due to the interchain hopping become visible for ln(r/α) > l 1 . Since the renormalization group method is based on perturbation with respect to g 2φ+ and g 2φ− , the present result is valid only for the regime of weak coupling. For large ln(r/α), R sin φ − (r) increases due to the strong coupling but is actually reduced to a finite value. We define l 3 (≡ ln(r 3 /α)) as the location for the crossover from the weak coupling regime to the strong coupling regime which corresponds to a minimum of R sin φ − (r). As is shown in Appendix C, the excitation gap, ∆, in Eq. (2 . 4) can be es-
In the inset in Fig. 4 , ln R sin φ − (r 3 ) (solid curve) as a function of 1/(g 2 − g ′ 2 ) is compared with the analytical function R sin φ − (r ∆ ) (dash-dotted curve) where l ∆ ≡ ln(r ∆ /α). Since r 3 ≃ r ∆ , it is found that the minimum of R sin φ − (r) at r 3 corresponds to the formation of the gap. Now we examine the actual response function of Eq. (3 . 13), which is a product of the response function of the total fluctuation and that of the transverse one. In Fig. 5 , the response functions with the largest (the dominant one), the second largest (the subdominant one) and the third largest in magnitudes are shown for t/v F α −1 = 0.0025, g 2 − g ′ 2 = 0.20 and g 2 + g ′ 2 = 0.10. In previous paper, 6), 7) the dominant and the subdominant states were examined in the limits of both long range ( Fig. 1(b) ) and t → 0. In the present study, by tracking a state with arbitrary length scale (corresponding to the inverse of the energy) we found that the crossover of the second dominant states from C ,in to S ⊥,in occurs at ln(r/α) = l 2 . In the region of ln(r/α) < l 1 , there is still a small effect of the interchain hopping which removes the degeneracy of C ⊥,out and C ,in . Such an effect can be seen analytically: Eq. (3 . 13) with ln(r/α) ≪ l 1 is expanded as
For the range satisfying ln(r/α) > l 3 corresponding to an energy lower than ∆, there appears a gap in the transverse fluctuation due to the relevance of the interchain hopping which leads to a large enhancement for C ,out and S ⊥,out and strong suppression for C ,in . We have found two kinds of quantities, l 1 and l 2 , where coupling constants are renormalized toward the relevant t in the region ln(r/α) > l 1 and S ⊥,in is found as the subdominant state due to the relevant t in the region ln(r/α) > l 2 . In Fig. 6 , l 1 and l 2 are shown as a function of g 2 + g ′ 2 . The dashed line denotes l 3 corresponding to the upper bound of ln(r/α) for the present treatment of the renormalization group method and the dotted line denotes ln[v F α −1 /t]. In the region with ln(r/α) < l 1 , the state exhibits one-dimensional properties since the interchain hopping can be treated perturbatively. We note that l 2 < l 1 for small Based on the results of Figs. 5 and 6, we obtain the phase diagram as a function of g 2 and g ′ 2 for the dominant and subdominant states with fixed ln(r/α). The boundary between C ,in and S ⊥,in is obtained from Fig. 6 by estimating g 2 and g ′ 2 which satisfy ln(r/α) = l 2 with fixed r. For example, the subdominant state, S ⊥,in , with ln(r/α) = 12 appears in case g 2 − g ′ 2 = 0.20 and g 2 + g ′ 2 < 0.11 due to the enhancement of the charge fluctuation. We note that the response function with fixed r corresponds to the response function for finite energy with ω = v F /r. In Fig. 7 , the phase diagram in the g 2 -g ′ 2 plane is shown with t/(v F α −1 ) = 0.0025 and fixed ln(r/α) = 12. The solid line denotes the boundary for the dominant state and the dotted line is the boundary for the subdominant state. The results of Figs. 5 and 6 correspond to the state in the region g 2 > |g ′ 2 |, i.e., I L and I H , which show the states with low energy and high energy, respectively. The phase diagram of the entire region has been obtained by use of the symmetry property of order parameters which is given by Eqs. (2 . 8)∼(2 . 11). The region of J L (J = I, II, III and IV) which is similar to the state in the zero limit of energy decreases rapidly by the decrease of ln(r/α). We have found that the region of J L becomes very narrow in case ln(r/α) ≃ l 1 (≃ ln[v F α −1 /t]). Therefore the phase diagram is similar to Fig. 1(a) for most of the region in the g 2 -g ′ 2 plane in the case that ln(r/α) < l 1 , i.e., for energy larger than t. 2 .
Finally we examine the characteristic energy ω 1 which separates the onedimensional regime from the relevant regime of t. The length corresponding to ω 1 is shown by Fig. 3. In Fig. 8 the quantity ω 1 /t is shown as a function of t/(v F α −1 ) with fixed g 2 − g ′ 2 = 0.1, 0.2, 0.3 and 0.4. The quantity ω 1 /t decreases by the increase of g 2 − g ′ 2 and increases with increasing t/(v F α −1 ). The dotted line which is obtained by use of the extrapolation of the solid curve is expressed as
Such a characteristic energy ω 1 can be estimated from Eq. (3 . 12) by assuming that
In the inset of Fig. 8 , α 1 obtained from the data of the solid curve is represented by the closed circle which is compared with the α 1 = (g 2 − g ′ 2 ) 2 /2 of Eq. (4 . 8) (dash-dotted curve). The good agreement of the two results indicates the validity of Eq. (4 . 8) as a characteristic energy ω 1 . Here we note the assertion of Bourbonnais 8) that one-dimensional fluctuation does exist at temperatures lower than the energy of the transverse hopping t ⊥ in quasi-one-dimensional systems. The suppression of the crossover temperature T x (< t ⊥ ) in a quasi-one-dimensional system comes from the reduction of the density of states at the Fermi energy, which is caused by the mutual interaction. 9) We find that ω 1 of the present calculation is essentially the same as T x since a system of two-coupled chains already shares common features with a quasi-one-dimensional system regarding the role of interchain hopping. §5. Summary and discussion
In the present paper, we have examined the role of interchain hopping in the entire energy region in two-coupled chains of the Tomonaga model by use of the renormalization group method. From the calculation of response functions for CDW and SC states in the real space, we obtained the phase diagram in the plane of mutual interactions in which the dominant and subdominant states are shown with fixed energy or temperature. The interchain hopping exhibits a perturbational effect for energy higher than ω 1 (= v F α −1 e −l 1 ), while the degeneracy of in-phase and out-of-phase parings is removed due to the relevant behavior of the hopping for energy lower than ω 1 . The hopping leads to the formation of the excitation gap in the transverse fluctuation of the φ-field for energy lower than v F α −1 e −l 3 . The crossover energy, ω 1 , is lower than t due to the interaction which gives rise to the reduction of the density of states at the Fermi surface.
We have examined the two-chain system by use of the renormalization group method in real space in order to examine the states at finite energy or at finite temperature. We comment on the relation between the present result and that derived by the scaling of the energy cutoff, i.e., in Fourier space. Fabrizio 14) has studied the same model by applying the renormalization group method with the scaling of energy to Eq. (2 . 1), where all interactions are calculated perturbatively. In the present calculation, the two-chain system is transformed into the phase Hamiltonian through the bosonization method, where only the non-linear terms g 2φ− and g 2φ+ are treated perturbatively. By replacing l(= ln(α ′ /α)) with − ln(ω ′ 0 /ω 0 ), where ω 0 (∼ v F /α) is the band cutoff, it is found that the renormalization equations of the coupling constants obtained by Fabrizio are the same as ours, Eqs. (3 . 9)∼(3 . 12), up to the lowest order of the coupling constants and the interchain hopping. But there is a difference in the terms of higher order in the interchain hopping. Invariance of the renormalization equations with respect to t → −t exists in the present result, Eq. (3 . 12), but does not for his results. It is not yet clear if such a discrepancy comes from the present choice of the phase Hamiltonian or from some other source.
Finally, we discuss the response functions at finite energy. Since, to our knowledge, there is no calculation for response functions of two-coupled chains in terms of the renormalization group method with an energy cutoff, we mention the case of no misfit parameter, i.e., a one-dimensional Fermi gas. The response function for the energy cutoff is calculated by applying the renormalization group method to the quantity given by R i (0, ω) = πv F (∂R i (0, ω)/∂ ln ω), 15) where R i (k, ω) is the Fourier transform of R i (r). By comparing Eqs. (3 . 5)∼(3 . 8) in the case t = 0 12) with R i (0, ω), 15) it turns out that R i (r)/(α/r) 2 with r/α = ω 0 /ω can be replaced by R i (0, ω) when the l-dependences of K φ (l) and g 2φ± (l) are neglected. In the present calculation, such a replacement is justified for l < ∼ 10 and is meaningful qualitatively for larger l. Thus, the present results may correspond to those at finite energy or at finite temperature.
where α(0) = α in the Bessel functions. The renormalization for 4t(l)/(v F α −1 ) is calculated as follows. The actual difference of the density between the two bands of Eq. (2 . 2), ∆n, is given by
The renormalization equation for t(l) is derived by assuming the scaling relation for Eq. (A . 9). The second term on the r.h.s of Eq. (A . 9) is rewritten as
The infinitesimal transformation α ′ = e dl α for Eq. (A . 11) leads to . 12) Note that the present model is similar to but slightly different from the model of a single chain of fermions with spin 1/2. 11) The hopping t corresponds to the external magnetic field in the latter model, where the renormalization equation for the magnetization has been derived by assuming that the external magnetic field satisfies the scaling relations. The response functions are calculated by writing R i (x, τ ) = F i (r) · exp[−K ±1 φ ln (r/α) − d cos 2θ r ], where i = sin φ − , cos φ − , sin φ + and cos φ + and the ± sign corresponds the response function for the φ ± -field. By assuming the scaling relation F i (r, α(l), K φ (l), g 2φ± (l)) = I i (dl, K φ (l), g 2φ± (l)) · F i (r, α(l + dl), K φ (l + dl), g 2φ± (l +dl)), the multiplicative factor I i for F sin φ− is obtained as exp − π 2 1 |g 2 − g ′ 2 | + 1
which is shown as a function of 1/(g 2 − g ′ 2 ) in the inset in Fig. 4 .
